A boundary integral based method for the stable reconstruction of missing boundary data is presented for the governing hyperbolic equation of elastodynamics in annular planar domains. Cauchy data in the form of the solution and traction is reconstructed on the inner boundary curve from the similar data given on the outer boundary. The ill-posed data reconstruction problem is reformulated as a sequence of boundary integral equations using the Laguerre transform with respect to time and employing a single-layer approach for the stationary problem. Singularities of the involved kernels in the integrals are analysed and made explicit, and standard quadrature rules are used for discretisation. Tikhonov regularization is employed for the stable solution of the obtained linear system. Numerical results are included showing that the outlined approach can be turned into a practical working method for finding the missing data.
Introduction
We assume that we have a two-dimensional physical body modelled as a doubly connected domain D in IR 2 . This domain has two simple closed smooth boundary curves Γ 1 and Γ 2 , with Γ 1 lying in the interior of Γ 2 . Consider the Cauchy problem in D for the hyperbolic elastic equation, that is and the boundary conditions u = f 2 , on Γ 2 × (0, ∞), T u = g 2 , on Γ 2 × (0, ∞), (1.3) where f 2 and g 2 are given and sufficiently smooth functions and T the traction operator Here, the velocities c s and c p have the following form
where ρ is the density, and λ and µ are the Lamé constants. The components of a generic point x of IR 2 is written as a column vector, and we use the notation x = (x 1 , x 2 ) with x meaning the transpose.
The governing equation (1.1) occurs in elastodynamics and models planar elastic waves, with u being the displacement (small deformations only), in an isotropic elastic medium, and c p and c s are the velocities of what is known as the pressure and shear waves, respectively (sometimes also called the primary and secondary waves, note that c p > c s for positive Lamé constants). For a derivation of the governing equation in the field of elasticity, see for example [23, Chapt. III, §22] . Applications of the present work can thus be found in structural engineering to forecast from incomplete data vibrations (typically standing waves) in beams supporting buildings and bridges, and also in seismology. Principal materials where disturbances or vibrations occur and where the governing equation can be applied include solid and dense liquid media, like metals, rocks and water.
Boundary data of the form (1.3) is not specified on all of the boundary and this typically leads to an ill-posed problem termed a Cauchy problem. Existence of a solution to the boundary problem, where displacement is imposed on one boundary part and the traction on the other is a classical well-posed problem, existence and uniqueness of a weak solution follows for example from energy integral methods or from results on abstract (non-linear) hyperbolic equations such as [15, 11] covering also non-linear models (for more direct results focusing on the linear case, see [13, 20] ). From a solution to the well-posed problem one can generate data to the ill-posed one and see that it will be solvable for some classes of given functions. Uniqueness of a solution to the Cauchy problem follows from [12, Chapter 5] .
Although existence of a solution to (1.1)-(1.3) can be assumed the solution will in general not depend continuously on the data. Such problems and methods for reconstructing the missing data in a stable way are well-studied for elliptic and parabolic equations, see [16, Chapt. 3] for an introduction. However, for hyperbolic equations ill-posed lateral Cauchy problems are less studied, for some works, see [2, 7, 19] and also [14] . An overview of inverse problems in elasticity is given in [4] . For some works on inverse problems for the related system of thermoelasticity, see [3, 17, 18, 21, 25] .
In [7] a boundary integral equation based method is presented for both parabolic and hyperbolic ill-posed lateral Cauchy problems. That work follows a string of works by the same authors, where the solution to Cauchy problems are represented in terms of boundary integrals, see further [6] . Moreover, in [10] a boundary integral equation method is given for the direct Dirichlet problem for the time-dependent elastic equation in an unbounded two-dimensional domain. In both works [7, 10] the Laguerre transformation is employed to reduce the problem to a sequence of stationary problems. We shall combine the ideas of [7, 10] to present a stable boundary integral based method to reconstruct data on Γ 1 given (1.1)-(1.3). This involves an investigation of the singularities of the kernels in the boundary integrals and a further technical part to derive a suitable splitting of the kernels for efficient discretisation to be applied. An advantage with the method to be presented is that the original problem is transformed into equations over the boundary of the domain D, thus reducing the dimensionality compared with discretizing the whole of D. When transforming with respect to time, one would expect the use of volume potentials for integral formulations of the stationary problem but this is circumvented as explained below.
In [24] the similar Cauchy problem studied, and a method is presented based on separation of variables in time and space, and further writing the spacewise part as a sum of two wave-like solutions. We do not use any such separation or splitting.
For the outline of the present work, in Section 2, we derive a boundary integral formulation of (1.1)-(1.3) in the form of a sequence of systems of boundary integral equations. This sequence is obtained by first applying the Laguerre transformation in time, and then for the obtained sequence of stationary problems invoke what is known as a fundamental sequence. Using this fundamental sequence, the solution to the stationary problems can be represented in terms of a sequence of single-layer potentials with densities to be determined, and no volume potential is needed which is an advantage. Matching the given transformed Cauchy data, a sequence of systems of boundary integral equations is obtained for the unknown densities. Analysis of the singularities of the involved kernels reveals that the mapping corresponding to this system is injective and have dense range, see Theorem 2.2. As a preparation for the discretization, also included in Section 2 is a rewriting of the kernels that makes the singularities appear in explicit form.
In Section 3, we introduce a parametrization of the boundary curves Γ 1 and Γ 2 . With this parametrization, we can further rewrite the kernels and transform the system into 2π-periodic boundary integral equations.
Section 4 contains discretisation of the obtained integral equations, generating linear systems to solve for values of the densities. Tikhonov regularization is invoked for the stable solution of this system. Moreover, explicit formulas are given for the function values and traction on the inner boundary Γ 1 . Numerical results are presented in Section 5, confirming that the outlined approach is a feasible way of reconstructing the missing data on Γ 1 . We point out that some derivations of formulas in the present work are long and it is not possible, in order to keep the presentation at reasonable length, to give full details but we do refer to work where more details can be found. The exactness of the numerical results is a further confirmation of the correctness of the stated formulas. Some conclusions are stated in Section 6.
Combination of the Laguerre transform and the boundary integral equation method
We search for the solution u of (1.1)-(1.3) as the (scaled) Fourier expansion with respect to the Laguerre polynomials, that is an expansion of the form
where
Here, L n is the Laguerre polynomial of order n with scaling parameter κ > 0. For the Fourier-Laguerre coefficients u n in (2.2) of the function u, using the recurrence relations for the Laguerre polynomials, it can be shown (see [10] ) that they satisfy the following sequence of Cauchy problems
3)
where n = 0, 1, . . ., β n = κ 2 (n+1) and {f 2,n } and {g 2,n } are the Fourier-Laguerre sequences of coefficients of the given functions f 2 and g 2 in (1.3). It is straightforward to check the following result. Due to this, we focus on solving the sequence of stationary Cauchy problems (2.3)-(2.4).
The work [7] follows a string of works, where the solution to various Cauchy problems are represented in terms of a single-layer potential (see [6] for an overview). We use the same strategy here for (2.3)-(2.4). As a suitable representation, we follow [10] and shall therefore construct a solution to (2.3)-(2.4) in the form of a sequence of single-layer potentials
where E n is a sequence of fundamental solutions to (2.3). We shall give an explicit expression for E n in Section 2.2. In the next section, we derive a system for determining the densities q m . Note that as a convention in this work, an upper index of a sub-indexed element does not refer to a power but is treated as an index unless otherwise explicitly stated.
A system of boundary integral equations for (2.3)-(2.4)
The boundary integral operators corresponding to the representation (2.5) admit the same jump relations as the classical single-layer operator for the Laplace equation; this can be verified by noticing that each function in the fundamental sequence has at most a logarithmic singularity. We shall make a detailed analysis of the singularities in the following sections. Matching (2.5) with the data (2.4) and employing the jump properties, we obtain the following system of boundary integral equations 6) for n = 0, . . . , N , with the right-hand sides
and
The unknown densities q 1 m and q 2 m , m = 0, . . . , N , in (2.5) are defined on the two (closed) boundary curves Γ 1 and Γ 2 , respectively (note the above convention that upper indices do not denote a power). The operator T x is as in (1.4) with the sub-index indicating the variable with which derivatives shall be taken.
We have then reduced the Cauchy problem (1.1)-(1.3), via the Laguerre transform (2.1) rendering the system (2.3)-(2.4) with solution in the form of the single-layer representation (2.5), to the system of boundary integral equations (2.6). As mentioned above, in connection with jump properties, the kernels appearing in the integral equations in (2.6) contain logarithmic singularities and, as we will see, T x E n has in addition a strong singularity (Cauchy type); we take these singularities into account when proposing numerical discretization.
Following the proof of [5, Theorem 4.1], it is possible to verify that the corresponding operator matrix of the system (2.6), built from the involved integral operators, has the following properties: Theorem 2.2 The operator corresponding to the system (2.6) is injective and has dense range, as a mapping between L 2 -spaces on the boundary.
This result implies that Tikhonov regularization can be applied to solve (2.6) in a stable way.
The sequence of fundamental solutions
The definition of E n is that it solves (2.3) but with a 2 × 2 diagonal matrix introduced in the right-hand side with the Dirac delta function δ(x − y) as diagonal elements of that matrix, see further [10, Definition 1]. The explicit expression for E n is given in [10, Theorem 3], we recall that expression here. We have
where I is the identity matrix and
Here,
and χ 2,n = (n + 1)(n + 2) and
where K 0 and K 1 are the modified Hankel functions of order zero and one, respectively (the modified Hankel function is sometimes termed differently such as Bessel function of the third kind, Basset's function or Macdonald's function), and
for n = 0, 1, . . . , N − 1 (w 0 = 0) with the coefficients a n,m satisfying the recurrence relations a n,0 (γ) = 1, n = 0, 1, . . . , N − 1, a n,n (γ) = − γ n a n−1,n−1 (γ), n = 1, 2, . . . , N − 1 and a n,m (γ) = 1 2γm
The above expressions are derived in [10] by calculating the Laguerre transform of the fundamental solution to the elastodynamic equation (1.1). A key part is that (2.10) is a fundamental sequence for the Laguerre transformation of the wave equation; derivations that lead up to expressions of the form (2.10) for fundamental sequences of Laguerre time-transformed equations are given in [8] .
Calculation of the traction of the fundamental sequence E n
In (2.6), the traction of the fundamental sequence E n is needed. We derive an explicit expression for it. We note first that for a function f and a matrix G there is the product rule (see [ 
where, for a matrix, the convention is that the traction operator T from (1.4) acts on each column of that matrix. We recall from [9, Sect. 2] when f : (0, ∞) → IR is continuously differentiable, a lengthy but straightforward calculation (employing (2.13)) reveals
Following [9] , we also have
where J is as in (2.8) and
Using the expression (2.7) for E n and the definition of the traction operator (1.4), we find by applying (2.14) and (2.16) that the sought after expression for the traction of E n is
Here, we introduced polynomials
The expression forΦ ,n , with accompanying function (2.20) and polynomials (2.21), is obtained by simply differentiating (2.9) using the expressions (2.10)-(2.11) and the relation for derivatives of the modified Hankel functions [1, Eqns. 9.6.27-28].
2.4 Analysis of singularities of the kernels in the system (2.6)
The modified Hankel functions have the following series representations ([1, Eqns. 9.6.11, 9.6.13])
, and
Here, we put ψ(0) = 0,
and let C = 0.57721 . . . denote Euler's constant. Thus, using (2.22) we can rewrite the functions Φ n in (2.10) as
(2.25)
The representation (2.23) of Φ n then implies that we have the following expressions for the functions defined in (2.9),
Analysis of the representations (2.27) and (2.28) shows that we have the following asymptotic behavior with respect to r (see [10] )
Here n,0 (γ) = −a n,0 (γ), n,2 (γ) = − γ 2 4 a n,0 (γ) + γ 2 a n,1 (γ) − a n,2 (γ) and ε n,0 (γ) = − C + ln γ 2 a n,0 (γ) + 1 γ a n,1 (γ), ε n,2 (γ) = C + ln γ 2 − γ 2 4 a n,0 (γ) + γ 2 a n,1 (γ) − a n,2 (γ) + γ 2 4 a n,0 − γ 4 a n,1 (γ) + 1 γ a n,3 (γ).
Note here that a straightforward calculation using the recurrence formula (2.12) gives η 1,n (0) = −1/(2c
Using (2.26) in the definition of the fundamental sequence (2.7), this fundamental sequence can be written as
Thus, we have verified that the sequence E n has a singularity of logarithmic type.
Turning to the traction, the similar analysis applied to (2.18)-(2.21), reveals that (2.20) can be writtenΦ n (γ, r) =φ n (γ, r) ln r +φ n (γ, r), n = 0, 1, . . . , (2.30) , r)
where φ n is defined in (2.24),φ n in (2.31), ϕ n in (2.25) andφ n in (2.32).
It is straightforward to see that
− a n,2 (γ) + 2 γ a n,3 (γ).
Again, a straightforward calculation shows thatξ 2,n (0) = 0 andξ 1,n (0) = −1/(2c
. Thus, we have arrived at the final form of the traction of the fundamental sequence, which we shall use in subsequent sections, and it can be stated as
with matrices
and U 1 and U 2 defined in (2.15) and (2.17), respectively. Thus, we have verified that the elements in the sequence T x E n has a logarithmic singularity and a strong singularity.
Transformation to 2π-periodic integral equations
In order to apply standard quadrature rules [22] for singular periodic integrals, we introduce a suitable parametrization of the boundary. The system (2.6) is then rewritten using this parameterisation, and we state expressions for the parametrized kernels. We assume that the boundary curves Γ , = 1, 2, are sufficiently smooth and given by a parametric representation
The system (2.6) can then be written in parametric form
for n = 0, . . . , N , where ψ n (s) = q n (x (s))|x (s)|. The right-hand sides in (3.1) are given by
for s = σ, , k = 1, 2, n = 0, . . . , N , and E n the fundamental sequence (2.7) and the traction T x given by (1.4).
Expressions for the singular kernel H n ,
According to the analysis of the singularities undertaken in Section 2, the fundamental sequence (2.7) can equivalently be written as in (2.29). Using this latter expression in combination with (3.2), we can write
with the diagonal terms
Here, we used the Taylor expansion of the matrix J from (2.8) resulting in the term
Expressions for the singular kernel Q n ,
In Section 2, it was shown that the expression (2.18) for the traction of the fundamental sequence can be equivalently written as (2.33). From this latter expression it follows that the kernels Q n , defined in (3.3) have logarithmic and strong type singularities. To handle those we note the following expansions
We therefore write
, (s).
The diagonal terms have the form
, (s, s) = 0, and
Full discretization
The effort in rewriting the kernels in (3.1) using (3.4) and (3.5) now pays off in that we can employ the following standard quadrature rules [22] for numerical discretisation,
and the weight functions
in order to approximate the boundary integrals in (3.1).
Collocating the approximation at the nodal points using the mesh points {s k } from (4.1) leads to the sequence of linear systems 
for n = 0, . . . , N . We point out that the matrix corresponding to (4.2) is the same for every n but having a recurrence right-hand side given by (4.3) and (4.4) containing the solutions of the previous systems. Clearly, each of the linear systems has a high-condition number since the Cauchy problem (2.3)-(2.4) is ill-posed and therefore Tikhonov regularization has to be incorporated.
We end this section by giving formulas for the Cauchy data on the boundary Γ 1 of the solution u to (2.3)-(2.4). Using (2.5) we have the following representation of the function value
and for the traction
(4.6) The numerical approximation of these expressions can be obtained using the given quadrature rules via similar calculations as those given above, with values of the densities generated from (4.2).
Numerical examples
We present some numerical examples with the proposed method. The elastodynamic problem under consideration has a vector-valued function as solution. We shall not overload this section with results and figures for every component and domain considered but present enough data to have an idea about the accuracy and to have results to test against in case any reader wish to implement the method. Further to this, the results given are not the best possible out of all tests done but rather typical. Thus, if the reader implements the method for corresponding configurations similar accuracy is expected.
A key formula in our derivations, which is rather lengthy to derive, is (2.33). We shall therefore first start with a demonstration that numerically verifies this formula. Thus, we consider the following sequence of well-posed stationary problems
, for an arbitrary source point z 1 ∈ IR 2 \D, with E n the element (2.7) from the fundamental sequence. Here, [·] 1 denotes the first column (the first sub-index of the boundary functions corresponds to the boundary curve where it is defined). The field
is then clearly the solution of (5.1a)-(5.1c). We consider as an approximate solution a solution of the form (2.5), where the densities q n for = 1, 2, and n = 0, . . . , N , satisfy the system of equations
with right-hand sides given here by
The parametrized form of the approximate solution, considering (2.5) and using the trapezoidal rule, is given by for ψ n (s) = q n (x (s))|x (s)|. The numbers ψ n (s k ) are found from the corresponding parametric form of (5.3). Ex. 1: In this first example, the outer boundary Γ 2 is set to be a circle with centre (0, 0) and radius 2, and the inner boundary Γ 1 is kite-shaped with parametrization
We consider the source point z 1 = (0, 0) and the measurement point z 2 = (1, 1.2), see the left picture in Fig. 1 . The Lamé constants are (λ, µ) = (3, 2), and the density ρ = 1. In Table 1 , we present the exact solution (5.2) and the computed solution (5.4), for n = 0, 1, 2 and increasing number of mesh points M . We note that we get good accuracy with rather few points M . The order of error stays the same for n = 0, 1, 2 and do not seem to grow much with increasing n (remember that we have recurrence right-hand sides in (5.1a)-(5.1c) thus it is interesting to see how the error propagates with n). There is nothing special with the measurement point z 2 , it can be moved around in the domain D and even be taken on the boundary without affecting the results much. The Lamé constants can also be changed as can the source point; this will be done in the next example. Ex. 2: We set the Lamé constants as (λ, µ) = (2, 1), and the density ρ = 1. Both boundaries admit the form
We consider the radial functions r 1 (s) = 0.9 + 0.6 cos s − 0.2 sin 2s 2 + 1.4 cos s and r 2 (s) = 1.
The source point is now z 1 = (1.5, 1.5) and we compute the fields at the measurement point z 2 = (0.5, 0.6), see the right picture in Fig. 1 . Table 2 shows the exact solution The exponential convergence with respect to the spatial discretization is clearly exhibited. This can also be seen in Fig. 2 , where we plot the logarithm of the L 2 -norm of the difference between the exact and the computed fields. This further justifies the claim in the previous example that the measurement point z 2 can be moved around within the solution domain and the similar accuracy will be obtained. Moreover, it shows also that the accuracy is similar for both components of the solution. 
(5.5)
We know then the exact solution (5.2) and the computed (5.4), where the densities now satisfies the linear system (4.2). Thus, we can compare the exact and the numerically calculated Cauchy data on the inner boundary Γ 1 . We consider the boundary curves with parametrization from the first example and the constants in the system as in the second example. The ill-posedness of the system is handled using Tikhonov regularization. The regularization parameter is chosen by trial and error. The source and the measurement points are z 1 = (3, 3) and
(1, 1) ∈ Γ 1 , respectively. The reconstructed Cauchy data are presented in Tables 3 and 4 for n = 0, 5, 10. Here, we consider exact data and the regularization parameter is set to 10 −10 for κ = 0.5, and to 10 −8 for κ = 1. As expected, the accuracy is slightly lower for the traction function since it involves derivatives of the solution. The scaling parameter κ do influence the reconstructions but only slightly. Note that there is no dramatic increase in error as n increases (recall that we have a recurrence right-hand side in (2.6))
To investigate the stability of the method against noise, we add noise to the boundary function g 2,n on Γ 2 , with respect to the L 2 −norm
for a given noise level δ and a normally distributed random variable v. We define the 
0.036002151515 0.008720380239 0.002279504879 Table 3 : The reconstructed (via (4.5)) and the exact (5.5) values of the boundary function f 1,n on Γ 1 , for the source point z 1 = (3, 3), and the setup of the third example. 
−0.069309067338 −0.017888657343 −0.016727744904 Table 4 : The reconstructed (via (4.6)) and the exact values (5.5) of the boundary function g 1,n on Γ 1 , for the source point z 1 = (3, 3) , and the setup of the third example.
following relative L 2 -errors on the inner boundary 
The error terms (5.6)-(5.7) are numerically calculated using the trapezoidal rule. In Table 5 are the values of the error terms for exact (δ = 0%) and noisy data (δ = 3%) with regularization parameter 10 −8 and 10 −2 , respectively. We have set κ = 1 and M = 32 and we keep the same source point z 1 . We observe that the errors do not increase dramatically when n increases. Note that keeping increasing M will not decrease errors much further due to the increasing ill-conditioning of the linear system, which in turn is due to the ill-posedness of the underlying elastodynamic problem.
Considering the expansion (2.1), we can also compare the time-dependent computed solutionũ 8) with the fundamental solution (truncated form)
The values of the first component of the computed solution are presented in Table 6 for varying N and M and at different times t. The values at the interior point z 2 = (1, 1.2) for κ = 1, are given for different regularization parameters depending on the error level and the number of Fourier coefficients. For noise free data, we use 10 −6 as regularization parameter and for δ = 3% we set it to 10 −4 .
Ex. 4:
In this example, we examine solving (1.1)-(1.3) using our method to reconstruct Table 6 : Numerical values of the first component of the computed solutionũ(z 2 , t) from (5.8) and the exact solutionẼ(z 2 , t) (rows in grey) from (5.9) in the third example, at the measurement point z 2 = (1, 1.2), for exact (δ = 0%) and noisy (δ = 3%) data and various times t.
in a stable way the missing lateral Cauchy data on Γ 1 , but we have no exact solution to test against. Instead, we numerically construct the Cauchy data on Γ 2 by solving the well-posed problem
together with homogeneous initial conditions. We consider the boundary functions f 1 (x, t) = f (t)(1, 1) , f 2 (x, t) = (0, 0) , with f (t) = t We solve the direct problem for (λ, µ) = (2, 1), ρ = 1 and κ = 1, using the boundary curves with parametrization as in the first example and M = 64. In order to avoid an "inverse crime", we solve the inverse problem using half the number of collocation points and adding 3% noise on the computed function g 2 . The exact time dependent function f 1 (x, t) is constructed using the above expansion truncated at N = 20. Table 7 shows the first component of the reconstructed functions on Γ 1 for the sequence of stationary problems (2.3)-(2.4) and the corresponding exact value (obtained by the Laguerre transform of f 1 ). Table 8 shows the reconstructed time dependent function on Γ 1 , which we compare with the above exact value f 1 (expansion truncated at N = 20). The measurement point is z 2 = (1.4, 0) and for N = 10, 15 and 20, we set the regularization parameter to 10 −4
for the first two cases and 10 −3 for the latter. We define the transient error term Table 8 . For the time integration we use the trapezoidal rule with step size 0.2.
Conclusion
A boundary integral equation approach has been developed for an ill-posed later Cauchy problem for the elastodynamic equation. Given the function value and traction on the outer boundary of an annular domain the corresponding data are reconstructed on the inner domain. Applying the Laguerre transformation in time the problem is reduced to a sequence of ill-posed stationary problems. Using what is known as a fundamental sequence to these stationary equations, the solutions are represented as single-layer potentials over the boundary without involving any domain integrals. Moreover, exact representations in terms of boundary integrals were given for the missing data on the inner boundary. Careful analysis of the singularities of the kernels of the boundary integrals makes it possible to introduce a suitable splitting such that efficient quadrature methods can be applied for numerical discretisations. Numerical experiments included show that accurate solutions can be obtained to the time-dependent system both for direct and ill-posed problems.
